There is no category base for which the a-field of sets with the Baire property coincides with the a-field of linear Borel sets.
The sets having the classical Baire property with respect to a given topology being closed under the set-theoretical operation 6E, it follows that the a-field of Borel subsets of the real line R does not coincide with the a-field of sets with the Baire property for any topology. Generalizing the notion of a topology is the notion of a category base, for which is is not known whether the family of sets having the Baire property is closed under operation 6£. Nevertheless, we shall show that the result concerning the Borel a-field remains valid for any category base. In particular, this shows that the notion of a category base is not so general that any a-field is obtainable as the a-field of sets with the Baire property for some category base. In establishing this result we shall utilize terminology and properties found in [1] [2] [3] .
Theorem. There exists no category base (R, Q) for which 39(6) coincides with the a-field of all Borel sets in R.
Proof. Under the assumption that there does exist such a category base, we establish the following seven propositions (the first and last of which are contradictory).
Proposition
1. Every meager set is countable.
Proof. If there were an uncountable meager set 5" then, being a Borel set, S has power 2K°. Every subset of S has the Baire property and, accordingly, is a Borel set. We then obtain the contradictory existence of 22 ° different Borel sets. . Consequently, every analytic subset of A would be a Borel set, contradicting the fact that every uncountable Borel set contains an analytic set which is not a Borel set. Proposition 3. Every region contains a region which is of the first category.
Proof. Assume there is an uncountable region A every subregion of which is of the second category. Because the family of all sets of the second category which have the classical Baire property contains all Borel sets of the second category and satisfies CCC, the category base (A, GA) satisfies CCC, in contradiction to Proposition 2. Proof. Assume there are uncountably many regions each consisting of a single point. The union U of these regions is an uncountable set, every subset of which has the Baire property. For, if T G U and A is any region for which A il T is abundant, then there is a point x G A (1 T; whence, B = {x} is a subregion of A such that B n (R -T) is a meager set. Now, every subset of U having the Baire property implies the contradictory existence of 22 ° Borel sets.
6. There are at most countably many disjoint regions which contain no point x for which {x} is a meager set.
Proof. Let A be such a region and let p be any point of A. From the Fundamental Theorem it follows that there exists a region B C A in which {p} is abundant everywhere. Since {p}, being Borel, has the Baire property, the set B il (R -{p}) is meager. Because {x} is abundant for every x G A, we must have B (1 (R -{p}) ¥= 0, so that B = {p}. Every such region A thus contains a region B consisting of a single point. The assertion is now a consequence of Proposition 5.
7. There exists an uncountable meager set.
Proof. Let 91L denote the family of regions given in Proposition 4. According to Proposition 6, there are at most countably many regions in 91L which contain no point x for which {x} is a meager set. Delete all such regions from 91L and let 91L' denote the uncountable family remaining. In each region M G 911' select one point x for which {x} is a meager set and let S denote the uncountable set of points selected. Using the condition (*) it is seen that every region A G Q contains a region B G 6 such that 5 n 73 is a meager set. By the Fundamental Theorem, 5 is a meager set.
Remark. The statement of Proposition 4 holds for the category base of all nowhere dense perfect sets. Choosing one point in each region M G 911, one then obtains an uncountable Marczewski singular set; i.e. an uncountable set having the property (s°) of [4] .
